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[MomygeHbl aHaMUTUYECKHME pELIEHUS WHepUMOHHOTro ypaBHeHus Jlanmmay—Jludbmmma—Iundepra mis
NPONOJbHON M MOMNEePeUYHOl KOMIIOHEHT HaMarHMYeHHOCTU OOHOJOMEHHOM (peppOMarHUTHOM HaHOYa-
CTHUIIBI B YCJIOBUSIX, OJIM3KMX K HACKIIEeHNIO. MeTo pellleHrss OCHOBAH Ha YIIPOIIEHUH YPaBHEHMUS C TIOMO-
11ILIO TIEPBBIX MHTETPajioB, KOTOPHIE HAXOMISITCS C UCITOAb30BaHMEM aHAJIOTUM MEXXIY UHEPLIMOHHBIM JBYKE-
HHUEeM HaMarHMYeHHOCTH U MeXaHMYeCKUM BpallleHreM TBepaoro Teaa. [lokasaHo, 9To yyeT MHepLUH Ha-
MarHM4eHHOCTHU IIPUBOIMUT K HyTallMM, 4acTOTa KOTOPOM MpeAcTaBjieHa yepe3 MOJHBIM 3JUIMNTHYEeCKU
MHTEeTpaJl IIepBoro poaa. PaccMoTpeHa 3aBUCMMOCTh aMIUIUTYAbI HyTallid OT BeJIMYMHBI BHEIITHETO T10JIs.
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1. TIOCTAHOBKA 3AJAYN

Jlo HemaBHEro BpeMEHM MCCJIeAOBaHUE PE30-
HaHCHBIX 1 BOJTHOBBIX SIBJIEHUI B MATHUTHBIX Cpe-
JlaX MPOBOAUIOCH B TIPEATNMOJIOXEHUM, YTO Mpeliec-
CHOHHAasl IWHAMMKAa HAaMarHWYeHHOCTU IMpeoOiamaer
Haa HyTaloHHOi1. OmHaKO 9KCIIepUMeHTaIbHOE 00~
HapyXeHHe HyTallMOHHOIO pe30oHaHca [1] Ha Tepa-
repuoBbix (TTi) yacToTrax 3acTaBisieT MePeCcMOT-
peThb ycTosiBIIMiics mmoaxon. OTMETUM, YTO DKCIIe-
PUMEHTaJIbHOMY MCCJIEAOBaHUIO TIPEeAlleCTBOBAIN
TEOPETUYECKME U3bICKAHMUS, B KOTOPBIX MHEPIIMOHHOE
JIBIDKEHE HAMarHMYEHHOCTH COIIOCTAaBIISIIIOCH C KH-
HeMaTUKOil CUMMETPUYHOTO Bofuka [2—4]. B pamkax
JIAaHHBIX TEOPETUUYECKUX MCCIIeNOBaHUI ObLIO TTOKa-
3aHO, YTO HyTalsl OOyC/IOBIeHa NHEPLUME HaMarHu-
YEHHOCTHU. DKCIepUMEHTaJIbHOEe HaOJIoeHUue HyTa-
LIMOHHOTO Pe30HaHca J1aJ10 HOBBII TOJTYOK K BCECTO-
POHHEMY HMCCJIEIOBAHUIO MHEPUMOHHON TMHAMUKU
HaMarHM4EeHHOCTH.

IMoMuMO MeXxaHMYECKOM aHAJIOTUM ObLIA MPEIIo-
KEeHBI W Opyrue Moaesi, 00OCHOBBLIBAIOIIE UHEPIIU -
OHHOE TIOBeJCHNEe HAMAarHMYEHHOCTU: MOJIEJIb KOppe-
JISILIMM BPAIAIOIIMXCsI MOMEHTOB [ 5], MOIeIIb Koneoo-
meiicss moepxHoctn MDepmu [6], Me3zocKomuueckas
Teopus [7], a Takxke 000CHOBaHUE B paMKax peJisiTh-
BUCTCKOM KBaHTOBOM MexaHMKHU [8]. PaznuunHbie
TEOpeTUYECKNE MOIEIU ITO3BOJISIIOT IIMPOKO MC-
cJIeJoBaTh MHEPLMIO HAMAarHUYEHHOCTU U €€ POJib B

MarHUTHBIX SIBJIEHUSX. Tak, Harpumep, ObLUIO MMOKa-
3aHO, YTO UHEPLMUSI NPOSBIISIETCS HE TOJIBKO B BUIE
HyTallMOHHOTO pe3oHaHca B TTli-nuana3oHe yacToT
[9—13], HO W BBI3BIBAET HYTAIlMUOHHBIE CIIMHOBBIC
BosiHbl (HCB) [8, 14, 15], caBUr 4acToThbl OOBIYHBIX
(TpeLeCCUOHHbBIX) CIMHOBBIX BOJH, a TakKXe P
IpyTux siBaeHuit. OTMEeTUM, YTO 3TU UCCIIeTOBaHUS
Ba>KHBI HE TOJILKO C (hyHIaMEHTAJbHBIX MTO3ULIMIT, HO
B TEXHOJIOTMYECKUX TTPUIOXKEHUSX B CBI3U C pa3BU-
tveM TTu-TexHonoruii [16].

B pamMKax HOBBIX TEOPETHYECKUX MCCIICIOBAHMI
WHEPIIMOHHONW TMHAMWKN HaMarHMYeHHOCTU ypaB-
HeHue Jlannay—JIudmmna—Iunsoepra (JIJT), mm-
POKO HCIIOJIb3yeMoe IJIs1 OMMCcaHusl Oe3bIHEPLIMOH-

HOM NPeleCcCu HAMarHM4YEHHOCTU M , ObLIO 0000111Ie-
HO Ha MHePIMOHHLIH ciyydaii [3, 7, 17, 18]. O6o01ieHmne
MPOBENECHO MYTEM BKJIOYEHMSI B paCCMOTPEHME A0~
MOJIHUTEILHOTO 4YjieHa ¢ Ko3(hdUIIMeHTOM Ooee
BBICOKOTO TMOPSJIKa MaJOCTU MO CPAaBHEHUIO C KO-
dulimeHTaMM py OCHOBHBIX WieHax. HoBblit wieH co-
JIEPXKUT MPOU3BOIHYIO HAMarHUYEHHOCTU 10 BpeMEeH U’
BTOpOTro mnopsaka. O600611eHHOe BeKTOpHOe auc-
depeHManbHOE YpaBHEHME BTOPOTO MOpsiaKa Mpu-
HSITO HAa3bIBATh uHepyuonHuim ypaBHeHreM JIJIT u 3a-
MUCHIBaTh B Bue [3, 7, 17, 18]
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MHEPLIMOHHAA TMHAMUWKA HAMATHUYEHHOCTHA

rae My — HaMarHMYEHHOCTb HACHIIIEHUS, Y — TUPO-
MarHUTHOE OTHOIIEHHE, O — Oe3pa3MepHBIil Ko3(d-

duumenr saryxanusi, H,, = H + H,, — sddextus-
HOE MAarHUTHOE T10JIe, BKJTIOYAlollee B ceOst BHYTPEH-
Hee aHU30TPONHOE H,, M BHEILIHee MpPUJIOKEHHOE
MarHuTHoe 1ojie H , T — MHepILMOHHBII ITapamMeTp.

B npenbiayieit padote [19] Mbl MOJTYyYMIIN aHATU -
TUYECKNE PEeIIeHUs MHEPpIIMOHHOTO ypaBHeHUs JIJIT
JIJIsl TpAeKTOPUiA HAMAarHMYeHHOCTH OJHOJIOMEHHOIM
¢deppoMarHUTHOM HAHOYACTUIIBI, IPeHeOperas 3aTy-

xauueMm. Hanuume anumsorponnoro mons H, (M),
COOTBETCTBYIOIIIETO AaxKe HauboJjee MpocToii popme
CUMMETPUN BHYTPEHHEro MOTeHIIMajla MarHUTHOM
YacTUIIbl, a UMEHHO OJJHOOCHOMY TTOTEeHIIMaly, TPU-
BEJIO K IOCTaTOYHO TPOMO3IKUM BhIpaXKeHUsIM. Taxk,
peuIeHus peaCTaBIeHbl KaK CJIOKHbIe KOMOUHAILIMA
SITUTNITUYECKUX (PYyHKIIMN AKOOU 111 MPOAOJIbHOM
KOMITOHEHThl HAMAarHUYEHHOCTY U B KBaJpaTypax sl
nornepevHoit KomrmoHeHTHI [19]. bosee Toro, npenenb-

Hbli tepexon, H,,(M) — 0 BBINOJIHUTH TOBOJIBHO 3a-
TPYOHUTENIBHO B CBA3M C HEOOXOOMMOCTBIO aHAIU3a
BO3HUKAIOUIEHN MPU 3TOM OCOGEHHOCTHU.

CrenyeT OTMETUTDh, YTO NMPU CUJIbHBIX BHEIITHUX
MoJisix (heppoMarHeTUK OJM30K K HACBIIICHUIO U,
CJIeA0BATEIbHO, pEIIeHUE MOXHO MCKATh METOIAOM

TeOpMM BO3MYIIEHU# Kak nonpasky AM (f) K cocTo-

SIHUIO HachILIeHUs] M §, @ UIMEHHO M=M s+ AM (1)
[20]. HemocTtaTkoM MeToma SIBASICTCSI HapylIeHUE
MPUHIIUIIA COXPAaHEHUs JUIMHBI BEKTOpa HaMarHu-

YEeHHOCTHU |]l7[(t)| = Mg [20]. Kpome Toro, B nepBom

NPUOTXXEHUH TPAaeKTOpUs KOHIIA BekTopa M (f) e-
XUT B TUIOCKOCTHU, TIEPIICHINKYISIPHOU MPUIOKEH-
HOMY ITOJIIO, a He Ha cdepe, KaK Mpu peajbHOM JIBHU-
KeHUU HamarHmuyeHHocTu. Hakonell, BoO3MyIleH-
HbIE TPACKTOPUU HEIEIeCOO0O0pa3HO MCMOIb30BaTh
JUIST pacyeTa KOPPEeISILMOHHBIX (YHKIIMI HaMarHu-
YEHHOCTHU, The TpeOyeTcsl yCpemHeHMUE IO BCeBO3-
MOXHBIM HAaYaJIbHBIM YCJIOBUSIM, B TOM YHWCJIE U TIPU-
BOJISIIIM, XOTh M C HE3HAYUTEIBbHOI (HO HE HYJIEBOIA)

BEPOSITHOCTBIO, K HAPYIICHUIO YCIIOBUS |AM (t)| < |M S|
OTO CyILIECTBEHHO OrpaHUYMBaeT 00JacTh UCTOb-
30BaHMS TTOJJOOHBIX METOIOB.

Lenpio maHnHO# pabOTHI SBISIETCS ITOJIyYEeHHUE U
aHaiu3 OOIIEero aHATUTUYECKOTO PELIeHUsI MHEPLIM-
oHHoro ypaBHeHus JIJII' B ciydae, Korna BHEIIHEE
MPUJIOKEHHOE MarHUTHOE MoJjie ropasno OoJiblie

BHYTPEHHETO |ﬁ | > |ﬁaH(A7I )| .

Takum oOpa3oM, B paMKaxX JaHHOM pabOThI MC-
cJienyeTcs MTHepLIMOHHAS TMHAMUKA HaMarHUYeHHO-
CTH B OMHOJIOMEHHBIX (peppOMAarHUTHBIX HAHOYACTH -
LIaX B YCJIOBUSX, OJM3KUX K HachIleHUI0. OmHAKO ¢
MaTeMaTHYeCKOI TOYKH 3peHUSI pellicHre MMeeT OoJiee
IIIMPOKOe IMMpHUMeHeHne. Tak, OHO MOXKET ObITh UCTTOJIb-
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Puc. 1. Bektop HamarHumueHHocTn M , Bektop rmonst H ,
MOJISIPHBIIA Yol ¥ M a3UMYTaJIbHBII yroJ ¢ B JJabopaTop-
HOIi cucTeMe KOOpAWHAT.

30BaHO IIpM OIIMCaHMHU MarHUTHOM pilakcalimmi B
PasJIMYHbIX CIIMHOBLIX CHUCTEMAX, HaXOoOAIIMXCA B
CHUJIbHOM ITOCTOAHHOM MarHuMTHOM I10JI€, HAaIIpUMED,
QJICKTPOHOB, BHCAPCHHBLIX B IIJIOTHYIO CPEAY, U T.II.

2. YVPABHEHMUS )
1T TPOJIOJIBHOW U ITOMTEPEYHOM
KOMITOHEHT HAMATHUYEHHOCTHU

VpaBHeHue (1) ymoOHO nepenucarthb ISl ETUHUYHO-
ro BekTopa ii = M / Mg, HanpPaBJIEHHOTO BOMb BEKTO-
pa HaMarHMYEHHOCTH, KOTOpOe ITpu ¢, = 0 IPUMET BUJI

()

BekTopHoe ypaBHeHUe (2) MOXET ObITh IpeoOpa3oBa-
HO B CUCTEMY CKaJIIPHBIX HETMHEMHBIX TUDDEepeHIIM -
QJIbHBIX YPaBHEHUH MJIsI MPONONBHOM 1 = cost
(BIOJb OCU Z, KOTOpasl COHAMpaBjeHa C BHEIIHUM
MAarHUTHBIM TOJIEM) M MOMEPeYHOoil u;, = sindcos@
KOMITOHEHT BeKTopa i (puc. 1)

i =y(Hxi)+7t(ixi).

iy = —Qu, +1'Q, + —E(1 - 1), 3)
2n
i, = —Qlu, +1'Q, — #&uuub (4)
rue
Q=(Qy,Q,Q,) = (dxi)+1 4, (5)
%1
Q' =(Q-Q)=(G-i)+7". (6)
2023
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1/2

3nech §=2yHn2/’c, N =[veMst/QkT)]"", v —
o0beM yacTullbl, kT — TemjaoBass BHEPrus u

L, = 4mx 1077 (Ixx A2 M) B MEIIyHApOIHOIT CHCTe-
Me enuHul] CU. BeeneHue dakropa 1) mo3BOJSIET UC-
T0JIb30BaTh Oe3pa3MepHbIe mapamMeTpbl. Hampumep, 1o
dbusnyeckomy cmbicty mapametp & = viu,M ¢ H / (kT)
MPEeACTABISIET COOOI BHEPTUI0 YaCTULILI OOBEMOM V C
MarHUTHBIM MOMEHTOM v Mg BO BHEILIHEM IOCTO-
STHHOM moJjie H, BBIpaXeHHYIO B eIUHUIIAX TEII0-

Boit sHeprum k7. Tlpu T =30 K, v =10"" w3,

Mg = 1.4%x10° A/M (xkobansr), H ~ 450 A/M (=5 D)
uMeeM crenyionyio omeHky & =~ 1.9. Cienyer oTMe-
TUTb, 4YTO TPEXMEPHOE BpallleHUEe BEKTOpa ii B CUIIY
JKECTKOI CBSI3U |L7| =1 onuchIBaeTCs ABYMS HE3aBU-
CHMBIMHM KOOPIMHATAMH, B HALIEM CllyYae 3TO u U

u, . pyrumMu cioBamMu, Mbl UMEEM JAEJIO C IBUXKEHU-
€M KOHIIa BeKTOpa HaMarHMYeHHOCTU (JJIMHA KOTO-
poro He MeHsieTcs1) o cdepe, KOTOPOEe B CBOIO Ode-
peab XapaKTepU3yeTcsl IByMSI KOOPAUHATAMH.

3. AHAJIMTUYECKAS IMHAMUKA
[POAOJILHON M MOMNEPEYHOW
HAMATHUYEHHOCTH

HMcnonab3yeMblii HaMU METOH PelIeHUs] ypaBHEe-
Huii (3) u (4) ocHOBaH Ha UX YIIPOIIEHUM C ITOMO-
IIIbIO MIEPBBIX MHTETPAJIOB (BEJIMYUH HE MEHSIOIINX-
cs B IIpoliecce ABMKeHU). [IBa mepBBIX MHTeTpajia
JIETKO MOJYYUTh C IIOMOIIBIO AaHAJIOTUH MEXITY MHEP-
LIMOHHBIM IBMXXK€HMEM HaMarHMYEHHOCTHU M MeXa-
HUYECKMM BpallleHUueM TBepaoro Teia [3, 4, 18, 19]. B
MOCJIEAHEM CJIydae COXpaHSIeTCs ITOJIHASI DHEPIUs
BpAaIllaroIerocs Tejia v IIPOeKIIKs yIJIOBOrO MOMEHTA
BpallleHUsT Ha OCh JJaOOpaTOPHOIl CUCTEMbI KOOPIU-
HaT. AHAJIOTU 3TUX BEJIUYMH B CIydyae HaMarHUYeH-
HOCTHU UMeIOT Bu [19]

[ =mQ, =const, E=0"Q" - Euy = const.  (7)

C yuyetom KoHcTaHT (7) nuddepeHnanbHOe ypaBHE-
HUe BTOPOii cteneHu (3) MOXKeT OBITH ITpeoOpa3oBa-
Ho K nuddepeHIuaaTbHOMY YPaBHEHUIO NEPBOIi CTe-
IIeHHW, @ UMEHHO

du,

= 1+ D(y), (8)
dt' ”
e t' = t/n (MaciuTabupyouuii pakrop 1 Aenaet ¢'
0e3pa3MepHBIM) U

D) = (Euy + EYA—uf) + 2ruy — 1> = 1> (9)

— MHOTOYJICH TpeTLefI CTCIICHU. Cne/:[yeT OTMECTUTD,
YTO aHaJIOT €1I€ OJAHOro IepBOTO MHTErpaja B JnHa-
MUMKE TBEPAOIo T€J1a TUIIa CUMMETPUYHOI'O BOJIYKaA, a
MMCHHO ITPpOCKIIMHU YIJIOBOTO MOME€HTA Ha OCb CUM-
METPUU BOJYKA, B CJIiyda€ HAMarHM4€HHOCTHU 3aJdaH

PAAVNOTEXHUKA 1 BJIEKTPOHUKA

TUTOB u np.

0e3pa3MepHBIM TTapaMeTPOM MHEPIINH 7 = T / 7. INa-
paMmeTp 7 oTpenessieT YacTOTy HyTallMOHHOTO pe30-

HaHca M,, = r/n ~ 1. HelaBHMe 9KCIIEPHUMEHTAb-
Hble WccienoBaHus [1] mokasaniu, 4To 3Ta 4yacToTa
nonaznaer B TIiu-gmanason o,, ~ 10"...10" Tu. B
ypaBHeHUHM (8) 3HaK MPOU3BOAHOM ¢ (f') ompexesnsi-
€TCsl U3 HavyaJIbHBIX YCJIOBUM

i(0) = —%(0) sin%(0),
rae O — MoJisipHbIi yroi BekTopa i [21] (puc. 1). 3Ha-
yeHue napaMmeTpa E JeXUT B AUarna3oHe [rz -&, oo},

TOTHA Kak 3HauYeHUe IMapameTpa |l| — B JMana3oHe
[4,5]. 3mecy [, m [, ompenensitotcst U3 ypaBHEHUSI
®(u,,) =0, tae u, COOTBETCTBYECT 3HAYCHUIO U, IPU
KoTOpOoM GyHKIMsS D() TOCTUTAET MAKCMMyMa Ha
nHTepBaie [—1,1].

Ananu3 GyHKIMK O(y) TTOKA3bIBAET, YTO OHA OT-
puareirbHa WIK paBHA HYJIO MpH u = 1, Tak Kak
dOEFD)=-(7F r)2 < 0. Kpome Toro, dyHkims P(y)
TIOJIOXKUTENIbHA ITPU ) —> —oo (P(—c0) > 0). B nHTEP-
Base u € [—1,1] pynkums d(y) 2 0 mpu HEKOTOPOM

3HAYCHUU U, TaK Kak D(y) = u,f(z') >0 (cM. (8)).

Takum obpasom, MHOTOWIeH ®(y) UMeeT Tpu pe-
AJIbHBIX KOPHS, €; < e, < e, IPUYeM KOPHHU ¢, U e, Jie-
>KaT B uHTepBasie [—1,1], a KOpeHb e; — ciaeBa OT 3TOro

VHTepBaIa e; < —1. Hanuuune Tpex KopHeid e; < e, < ¢
MPUBOAUT K CYILIECTBOBAHUIO IBYX 00JIaCTe, B KOTO-
pBIX ypaBHeHHe (8) MMeeT OeiiCTBUTEIbHOE pellle-
HHUE, a UMEHHO

HononHutenbHoe (usnuueckoe OrpaHUYEHUE
|u”| = |cosﬂ| <1 (Hapsoy c TpeboBaHUEM IeWCTBU-
TeIbHOCTU (YHKUMU cos)(f)) peaiu3yeTcsl TOAbKO B

obnactu e, < u(t) < ¢;. UMEHHO TaKoe pelleHue, co-
oTBeTCTByIollee (PU3MKE 3amaddd, paccMaTpUBAETCS
nanee. Mcronb3yst MeToA pelleHts anredpanyecKnx

YPaBHEHUIi TPETheli CTENEHU, KOPHU ¢; MOXHO BbIpa-
3UTh B TPUTOHOMETpUUYECKOI popme [22]

e, = 2pcos(E/3) - E/3E,
e,5 = —2pcos[(E £ m)/3] - E/3E,

(10)
(1)

rae

2
$2Ar, 1

k)33

3
- _ 1 E( er (Ej P+r
E=arccos|—| —=|1-=|—-|=| -
pP\EL &) (38 2
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N3 teopun srminmdeckux dyHkumii [23] caenyer, 4yto
pemeHue nuddepeHIraIbHOro ypaBHeHus (8) ¢ Ha-
danbHbIM yerioBueM u(0) = cos(0) MOXHO BbIpa-
3UTh 4Yepe3 ABaXAbl MEPUOAMYECKYIO SIUTUNTHYE-
cKyIo yHKLMIO SIKOGH sn(u|m) [24]

(') = e = (e, — &;)sn’(s|m), (12)
rae

5= %J&(el —e)+8 m=9"%

€ —6&

(13)

KoHcraHTa MHTCIrpupoOBaHUA b OIpeacjaIdCcTCAaA Ha-
YaJIbHBIM YCJIOBUEM 1M HAXOOUNTCA U3 YPABHCHUA

e, — cos(0)

€ — &

sn’(8|m) = (14)

Pemennem ypaBHeHus (14) siBaseTcsT HEIOJIHBIMN 3J1-
JIMOTUYECKUI MHTErpaJl mepBoro pozaa [24]

— 0
0= F(arcsin ’L()Sﬂ(), mJ =
)

e;—cos(0)

_ J' [a-x)-mx)] " dx
0

(15)

st orpeneseHns: MONepevHOl HaMarHUYeHHOCTU
u, (') MBI MUCTIOJIB3YEM METOM, NMPEMJIOKEHHBIA B pa-
oorax [25, 26], rme paccMaTpUBalOCh CIIOXHOE
BpalllcHUE JUHEMHON TMOJSIPHOI MOJIEKYJbl B TIOJE.
DTO0 B CBOIO 04YepeIb BO3MOXKHO B CIUTY aHAJIOTHI MEXK-
Iy UHEPLIMOHHBIM [BKEHUEM HAMAarHUYEHHOCTU U
BpallleHeM TBepaoro Tefa. [TonepeyHyro KOMIOHEHTY

BeKTOpa i(t'), a UMeHHO u,(¢') = sind(t')cosq(t"),
MOXKHO BBIPA3UTh Yepe3 yKe MOTyIeHHOE PEIieHUE IJTT
NIPOIOJIbHO KOMITOHEHTHI 4 (") 1 yron (') Kax [19]

u (1) = 1 - u] (") cosQ(t').

A3MMYTaJIBHBIA yroa @(f') MOXHO HAHUTHU HENOCPEn-
CTBEHHO U3 mepBoro wuHrerpaia [ = rcosd(t')—
— @(t")sin)(#') (cM. ypaBHeHue (7)) u ypaBHeHus (12).
B pesynbrate nojiyuum nuddepeHaibHoe ypaBHe-
Hue 11 @(t')

o ru||(t) 1( I—r ]
t s -1 .17
o) = ”a> ! s

M3 Teopun syuuntuueckux pyHkuumii [23] ciaemyert, 4to
pemenne auddepeHaibHoro ypaBHeHus (17) ¢ Ha-
YaJIbHBIM YCJIOBUEM

1, (0) = /1 = 4 (0) cosg(0)

MOXXHO BBIPA3UTh YEPE3 HEIOJHbIN SJIIMNTUYECCKUA
MHTerpai Tperbero pona Il (a; (p|m) [24], a uMeHHO

(16)

[+r
L+u() 1
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U,

0.91

0.89 |-

0.87 |-

—1.0 —0.5 0 0.5 1.0

Puc. 2. HyrannoHnHoe ABUXKeHWE HaMarHWYEHHOCTH B
TUTOCKOCTAX XZ, paccunmrtanHoe nipu r = 20, & = 50,

9(0) = 0.5, %0) = p0) = 0

N

' dx
—o(0) = bi| ——————=
R IUED I ecrm il

b;[11(a;;am (s, m)|m) —I1(a;am (8, m)|m)],

_ [xr
(1te)E(e —e)

s orpenensiercsd ypaBHeHueM (13). Ypasuenus (12),

)
QHp=—"» b1,2

(16) u (18) oKOHYATENBLHO AAIOT perieHue s U, ()

1/2
u ()= {(1 —e )H (1 —asn’ (s|m))} cos[0(0) +

Jj=12 (19)
+ > b, [ (a_,;am(s,m)|m)—l_[(a am (3, m) |m)]

Jj=1

o

4. PE3VJIBTATBI 1 UX OBCYKJIEHHNE

Pemenus (12) u (19) no3BosisitoT paccumTaTh HyTa-
LIMOHHOE NBMKEHWE HAMarHWYEHHOCTU B IUIOCKOCTH

XZ (puc. 2), ucnionbsyst u (') = uy(t'), ux(t') = u, (t') u

uy(t') = 1 — u; (') sinQ(t').

Taxxe ¢ momombio BeipaxkeHuit (12) u (19) Bos-
MOXHO M300pa3uTh WHEPUUOHHOE (HYTALIMOHHOE)
JNIBUXKEHUE HAMarHMYE€HHOCTU B TPEXMEPHOM Ipo-
cTpaHcTBe (puc. 3).

AMIUIUTYIy HYTalUMii MOXHO OLICHUTh, KaK am-
TUTATYTY KOJIEOAHU Z-KOMIOHEHTHI BeKTOpa ii(t'), a
UMEHHO U0 (') — Ui (7'). Ha puc. 4 mokazana 3a-
BUCHMOCTh JAHHOM aMIUIUTYIbI OT TOJist & Uist pas-
JIMYHBIX 3HaYeHUi1 7. U3 pycyHKa BUAHO, UTO YBeJINYe-
HUE TMOJIs1 TPUBOIUT K POCTY aMIUIUTY/Ibl HyTallMi, B TO
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|

Puc. 3. Tlpeueccust 1 HyTauus HaMarHU4eHHOCTH M B
nosie H B OTCYTCTBUE 3aTyXaHUsI, PACCUNTAHHBIE TIPU F =

=25, =50, 9(0) = 0.5, H(0) = ¢0) = 0.

BpeMsI KaK aMIUTUTY/Ia HyTalliM ManaeT ¢ yMeHbIIIeH!-
€M MHepLHH (C pOCTOM 0OpaTHOTO IapaMeTpa ) U 1c-
4e3aeT st 6e3bIHEPLMOHHOTO city4ast (y(f') = const).
OuYeBUIHO, YTO pacyeT coracyercs ¢ GU3MIEeCKUMH
npencrapieHusiMu. CremyeT OTMETUTb, YTO Bce
OLICHKY OCTalOTCsl CIIPaBeIJIMBLIMU TIPU U3MEHEHUU
TEeMITepaTyphl, €CJIN COXPaHSIETCS YUCICHHOE OTHO-
IIEHWE WCIIOIb3YEeMbIX SHEPTeTUUEeCKUX BEJIMUYUH K
TEIUIOBOI SHEPIUU. DTO XK€ YyTBEpKACHUE CIIpaBe-
JINBO U M3MEHEHUsI 00beMa, BCe OIIEHKU OCTArOTCSI
CIIpaBeTMBBIMU TIPU UI3MEHEHUM 00BbEeMa, €CJIA COXpa-
HSIETCSI YUCIEHHOE MPOU3BeIcHUE OObEMHOI ITIOTHO-
CTH SHEPIUU Ha OOBEM.

Ananutuueckue pemenus (12) u (19) nns npo-
IOJIBHOU M MOINEPEYHONH KOMIIOHEHT BeKTopa u(t')
MOXHO CPaBHUTb C COOTBETCTBYIOILIMMU pe3yJibTaTa-
MU YMCJIEHHOTO PELIEHUS CUCTEMBI CKAJISIPHBIX AU (-
depeHumManbHbiX ypaBHeHU (3) u (4). HavanbHble
YCJIOBUSL U151 9TUX YPABHEHUI 3a4a10TCsl Yepe3 Hayalb-
HbIE 3Ha4YeHNs NONIPHBIX YIIoB %(0) = U, 1 ¢(0) = o,
U UX IPOU3BOJHBIX KaK

u(0) = cosdy, (0) = —Vysind,, (20)

u;(0) = sinY,cosQ,, 21
i1, (0) = ¥ycos,cosq, — PsinV,sing,.

CiemyeTr OTMETUTD, YTO IBA IIEPBBIX MHTeTpajia [ 1
FE cBs13aHbBI C HAYAJIbHBIMU YCIOBUSIMU COOTHOLLICHM -
amu [19]

I = rcos®, — NP,sin’Vy, (22)

282, 2.2, 2 2
E =00, + N ¢ysin Oy + r — Ecosy,. (23)

AHaIUTUYECKOE Y YUCIIEHHOE PELLEHMS] IAOT TOX-
JECTBEHHBIE PE3YJIbTAThI, YTO HAIVIAJIHO BUIHO U3

puC. 5, TAe TIpeacTaBIeHO UX CpaBHEHHE.

PAAVNOTEXHUKA 1 BJIEKTPOHUKA

TUTOB u np.

Umax — Y|min

0.10 -

0.08

0.06

0.04

0.02

Puc. 4. AMmuMryna Hyrauuii B 3aBUCMOCTH OT BEJIWYM -
HBI TTOJI & JUIST pasaMYHbIX 3HAYEHMI 06PATHOTO Tapa-
Metpa uHepuuu: r = 30 (1), 20 (2), 10 (3); ncnionb3oBaHbI
cJIeyIole HavaJIbHbIE YCJIOBUSL: B(0) =0.5,

B(0) = (0) = 0.

YacroTty HyTauuii ,, Tak Xe Kak U aMIUIUTYIY,
MOXHO OLICHUTh, PacCMaTpUBasi MHEPLIMOHHBIC KOJIe-

Ganust y (1), 3amaHHbie ypaBHeHHeM (12) [19]. Tak kak

MEepUOJIOM TUNTUYECKON (pyHKIMU AKOOU snz(s| m)
SIBJISIETCS YIIBOCHHBIN MOJHBIN JUTMITAYECKUI UHTE-
rpai nepsoro poaa 2K (m) [23], To nepuon konedaHuii
NPOI0JILHOM HAMarHM4YeHHOCTU u”(t') 3amaeTcs Kak

= 4—nK(m).

T,
V(e —e3)

OTcio1a yacToTa HyTalWii BEIpaXkaeTcsl B BUIE

— 2_7'5 — nVE.'(el — 63)‘ (25)

7. 2MK(m)

AHAJIOrM4HO, MPELIECCHOHHAs! YaCTOTA (0, OTIPEIeNIseT-
Cd BpallIECHMEM HaMarHM4Y€HHOCTHW BOKPYI' HaIlpaBJIC-
HWUS TTOJIS, @ UMEHHO IMHAMUKOIA TIOTIEpEYHOI HaMar-

HMWYCHHOCTH U J_(l‘ ') , 1 HAXOOUTCA N3 COOTHOIICHU A

(24)

H

¢/ (M®,,)) — ¢(0) = 21 (26)
VI
b;|I1] a;;am Jt—“E"(el_e3)+8,m |m
Jj=1,2 n(’)np (27)

- H(aj;am(ﬁ,m)|m)} =2m.

CrnenmyeT OTMETUTD, YTO YaCTOThI (heppOMarHuT-
HOT'O X HyTallMOHHOT'O PE30HAHCOB CBI3aHbI C YaCTO-
TaMU IIPENeCCUU Y HyTallud COOTBETCTBEHHO. Tak, B
pabote [27] gacToTra (peppOMArHUTHOTO pe3oHaHca
Ne 5
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MHEPLIMOHHAA TMHAMUWKA HAMATHUYEHHOCTHA

()

Y
0.9

0.8 |

0.6 L )

up
1.0

Puc. 5. Tlunamuka nponosibHoii y = M), / Mg (a) nmone-

peuHoWiu| = M| / M (6) KOMIIOHEHT BEKTOpa HAMarHu-
yeHHocTH nipu & = 50, r = 20: CIUIOIIHbIE TMHUU — aHa-
mutryeckoe pemenue (12) u (19); cumMBoIIBI — YMCIIEHHOE
peuieHue ypaBHeHuil (3) u (4); HayaJbHbIE YCIOBUS:

%0) = @(0) = /4, H0) = ¢0) =0, Ty, = 21/, — me-

pUOJ MPELIeCcCCUu.

OLICHMBaJIaChb KaK YCPpCAHCHHAasdA 110 BCEM Ha4YaJIbHbIM
SHAYCHUAM 4YacToTa NpeucCCM HaMarHM4€HHOCTU
IIpH yCJIOBUH, YTO PaBHOBCCHOC pacCIp€acJICcHUEC I10
Ha4daJIbHBIM YCJIOBUAM 3aJacTCd 00JIBIIMAHOBCKUM
pacrip€aciI€CHUEM.

5. BAKJIFTOYUTEJIBHBIE 3SAMEYAHU A

Taxkum obpa3oM, MoKa3aHO, KaK TOYHBIC PEIICHUS
JIJISI TPOJIOJIbHOM U TTOTepeYHO KOMITOHEHT HaMarHu-
YEeHHOCTH, a UMeHHO GyHKImHU (12) 1 (19), MOryT OBITH
TTOJTyYeHBI B aHAJTUTUYECKOM BUIE U3 He3aTyxalole-

PAINOTEXHUKA 1N DJIEKTPOHUKA
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ro npeaeiia nHepuuoHHoro ypasHenus JIJIT u ipen-
CTaBJIeHbl Yepe3 COOTBETCTBYIOIIME BJUTUIITUYECKIE
dyHKIMN AKOOU 1 2JUTUTITUYECKIE MHTErpaJibl. Perte-
HUSI OCHOBAHBI Ha YIIPOIIEHNM YPABHEHMUS C IIOMOIIIBIO
MEPBbIX UHTETPAJIOB, KOTOPHIE HAXOIMM C UCIIOJIb30Ba-
HUEM aHaJIOTUM MEXIy WHEPLUMOHHBIM IBUKEHUEM
HaMarHM4EHHOCTU M IWHAMUKONM CHUMMETPUIHOTO
BOJYKA C 3JEKTPUUYECKUM IMITIOJTbHBIM MOMEHTOM.
ITockoabKy CUMMETPUYHBIE BOTYKU IIIMPOKO UCTIONb-
3YIOTCS JUISI MOACIMPOBAHMS HEB3aMMOACHCTBYIOIINX
MOJISIPHBIX MOJIEKYJI B TEOPUU OUAJICKTPUUECKOMN pe-
JIaKCalluy KOHJICHCHUPOBAHHEIX cpel ((KUAKOCTEH,
XKUIKNX KPUCTAJUIOB M CXKATBIX Ta30B), TO MHOTHE Me-
TOIBI 3TOM TEOPUU MOTYT OBITh MPUMEHEHBI K paCCMOT-
peHMIO crucTeM (heppPOMArHUTHBIX YACTHIL, II¢ HEOOX0-
VMO YIUTHIBaTh MHEPIIMOHHOCTh HAMAarHUIYEHHOCTH.

MBI Takke ONpeIeHTId 4acToTy HyTtanuu (25)
KaK OOpaTHBIA IIEPUON SJIIUIITAYECKON (PYHKIIUU
Axobu. YacToThl Nperieccu U HyTallu 0ObIYHO XO-
POLLO OTAEIEHBI IPYT OT Apyra (COOTBETCTBEHHO Ha-
xogarcsa B I'Tu- m TIu-muanazoHax 4acToT). XOTs
MHEPLUOHHOCTh HAMAarHMYE€HHOCTU OKa3bIBaeT BIIM-
SITHUE Ha 4YacTOTY MpPEelLeCCUM, OMHAKO 3TO BJIMUSHUE
He3HauutesbHOe [10], 1, caemoBaTeabHO, HA YaCTO-
Tax B IIPELECCUOHHOM AUAaIla30He MOXHO MCIOJIb30-
BaTh oObIuHOE ypaBHeHue JIJII' misa monyyeHus pa-
3YMHBIX pellIeHUil U OolleHOK. B Haimem pelieHuu
vHepuroHHoro ypaBHeHus JIJIIT mpemmonaraercs,
yTOo Oe3pa3MepHbIi ITapaMeTp 3aTyxXaHusI HaMarHu-
YEHHOCTU O HACTOJIbKO MaJl, YTO UM MOXHO MpeHe-
Opedb. DTO JOIylIeHNE CYIIECTBEHHO IS TTOIYICHMS
aHAJIMTUYECKUX pe3ysibTaToB. bojiee Toro, pusnueckas
MPUYMHA, ONPaBABIBAIOIIAST 3TO AOIYIIEHUE, 3aKII0-
YaeTcsl B TOM, YTO KOJie0aTeIbHOE ABYDKEHE HaMarHu-
YEeHHOCTHU (TIPELIECCUOHHOE M HYyTallMOHHOE) B MIPUH-
LIMTIe BO3MOXHO Mpu Majbix .. HakoHelr, He paccMart-
puBajiach aHM3O0TPOIMS (opMBI 0Opa3lOB MaJbIX
pa3MepoB, KoTopasl (KaK U aHU30TPONUs BHYTPEH-
HUX MOTEHLMAJIOB) CTAHOBUTCSI HECYIIECTBEHHOI B
CUJIBHBIX BHEIITHUX ITOJISIX.

AHamuTU4YeCKMe pelIeHus IJis npoaojbHoit (12)
U U151 ToniepeyHoi (19) KOMIOHEHT BEeKTOpa HamMar-
HUYEHHOCTH ITOCITY>KaT XOPOIIeil OCHOBOI LISl aHAJIM -
3a MHEPLUMOHHBIX 3(dekToB B HaHoMmaraurax. Ilpe-
UMYIIECTBO 3TUX PELLICHU I 110 CPAaBHEHUIO C YMCJICH-
HBIMU pEIIeHMSIMHU 3aKJII04YaeTcss B TOM, YTO OHU
MO3BOJISIIOT TOJYYUTh AHAJIMTUYECKUE BBIPaXKEHUS
JIJIs1 IPOAOJIbHOM

Ci(t) = (O (1) = (1 ()’

U IOTIEPEYHOMN

Cu(r') = (u Oy, (1))

PaBHOBECHBIX KOPPEISLINOHHBIX (DYHKIINI B CIIy-
yae He3aTyXalolUX OCLWIISIMI HaMarHU4eHHO-
cTu. 31ech YIIoBble CKOOKM O3HAYalT paBHOBEC-
HBIe CpelHHE B 4YeThIpexMepHOM (a3oBOM MpoO-
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CTpaHCTBC Ha4YaJbHbIX KOOpAMWMHAT WU CKOpOCTefI
{0,900, =9, 0, = psin?} [28]

= ]EJF ]i Of (YW, (%, , 0,,®,) X
 sin B¢

nddw,dw,ded?,

(28)

rae

W, (0, 0,0,,0,) = 2
=7 exp (—nz((oi + u)i) + &COS‘&), %

— paBHOBECHOE pacripefeeHue B aHcaMbJie HaMmar-
HUYeHHocTel [18] u

2n

7= [ Jewlrol s o s feost) (30)
X sinddm,dm,dedd = 47I2§S—1r21h§
n

— CTaTUCTUYECKasl CyMMa. 3aTyXaHUsI B CUCTEME MOX-
HO y4eCTh B paMKax (peHOMEHOJIOTMYECKOro MOaxX0aa
bioxa [28] (OIIsATh Xe M0 aHAJIOTUM C TeOpUEi -
BJIEKTPUYECKON penakcauuu [25, 26]).

B cBo10 odepens KoppenasIuoHHbIe (GYHKIINN BaxK-
HBI IJTs1 OTIpeAe/ICHUSI MATHUTHBIX CBOMCTB (peppoMar-
HUTHBIX Cpel (HAlIpUMepP, BOCITIPUMMYMBOCTH, BpeMEH
rnepeopueHTallMd HaMarHWYeHHOCTH M T.O1.). Tak,
COIVIACHO TEOPUHU JIMHEIHOTO OTKJIMKA [32] KoMIIo-
HEHTBI TEH30pa BOCIIPUUMYNBOCTU CUCTEMBbI CBSI3a-
HBI C COOTBETCTBYIOLIMMU PAaBHOBECHBIMU KOPPEIISi-
LIMOHHBIMU (PYHKLIUSIMU

(31

111 = G1(0) + i € (Dyexp (ior) d.
0

AKTyaJTbHOCTb IOTYYE€HHBIX Pe3YyJIbTaTOB O0YCIOBJIEHA
TEM, UTO MTHEPLIMOHHOCTh HAMAarHM4YE€HHOCTHU YK€ SIB-
JISIETCST TIPEIMETOM SKCIIePUMMEHTAIbHBIX HCCIeI0Ba-
HUI1 1 TOJDKHA YYUTHIBATHECS. B MOIEISIX CBEPXOBICTPOIA
CITMHOBOM TWHAMWUKU. AHAJIU3 MarHUTHBIX CBOMCTB
¢deppOMarHUTHBIX Cpell Ha OCHOBE MPUBEIEHHBIX CO-
OTHOILIEHUM TIPEACTABISIETCS OTACIbHOM 3amadcid.
Haxkomner, cienyer ymoMsiHyTb O BO3MOXHOCTHU perlie-
HUsI MHEpLIMOHHOTO ypaBHeHus JIJIT' ¢ yuyeToMm Teruio-
BBIX (piryKTyaruii [ 18], 4To TakKe mpencTaBiIsieTCs Bax-
HOM 3amayeii OJIDKanIero OymyIero.

ABTOpBI 3asIBIISTIOT 00 OTCYTCTBMM KOH(MIMKTA
MHTEPECOB.

OUNHAHCHUPOBAHUME PAGOTbI

Pab6ora BbInojHEHA IIpuU (PUHAHCOBOM MOMIEpPXKKeE
DdoHma pa3BUTHSI TEOPETUUECKON (DU3UKU U MaTeMaTUKU
“BA3UC” (rpant 22-1-1-28-1).
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